AdS and Lifshitz black hole solutions in conformal gravity sourced with
  a scalar field by Herrera, Felipe & Vásquez, Yerko
ar
X
iv
:1
71
1.
07
01
5v
2 
 [g
r-q
c] 
 16
 M
ay
 20
18
AdS and Lifshitz black hole solutions in conformal gravity sourced with a scalar field
Felipe Herrera1, ∗ and Yerko Va´squez1, †
1Departamento de F´ısica y Astronomı´a, Facultad de Ciencias, Universidad de La Serena,
Avenida Cisternas 1200, La Serena, Chile.
(Dated: May 18, 2018)
In this paper we obtain exact asymptotically anti-de Sitter black hole solutions and asymptotically
Lifshitz black hole solutions with dynamical exponents z = 0 and z = 4 of four-dimensional confor-
mal gravity coupled with a self-interacting conformally invariant scalar field. Then, we compute their
thermodynamical quantities, such as the mass, the Wald entropy and the Hawking temperature.
The mass expression is obtained by using the generalized off-shell Noether potential formulation. It
is found that the anti-de Sitter black holes as well as the Lifshitz black holes with z = 0 have zero
mass and zero entropy, although they have non-zero temperature. A similar behavior has been ob-
served in previous works, where the integration constant is not associated with a conserved charge,
and it can be interpreted as a kind of gravitational hair. On the other hand, the Lifshitz black holes
with dynamical exponent z = 4 have non-zero conserved charges, and the first law of black hole
thermodynamics holds. Also, we analyze the horizon thermodynamics for the Lifshitz black holes
with z = 4, and we show that the first law of black hole thermodynamics arises from the field equa-
tions evaluated on the horizon. Furthermore, we study the propagation of a conformally coupled
scalar field on these backgrounds and we find the quasinormal modes analytically in several cases.
We find that for anti-de Sitter black holes and Lifshitz black holes with z = 4, there is a continuous
spectrum of frequencies for Dirichlet boundary condition; however, we show that discrete sets of well
defined quasinormal frequencies can be obtained by considering Neumann boundary conditions.
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3I. INTRODUCTION
An interesting class of space-times that have received considerable attention from the point of view of condensed
matter physics are the Lifshitz space-times, which are described by the metrics [1]
ds2 = −r
2z
ℓ2z
dt2 +
ℓ2
r2
dr2 +
r2
ℓ2
d~x2 , (1.1)
where ~x represents aD−2 dimensional spatial vector, withD corresponding to the space-time dimension and ℓ denoting
the length scale in this geometry. These geometries are characterized by the parameter z known as the dynamical
or critical exponent. For z = 1 this space-time is the usual anti-de Sitter (AdS) metric in Poincare´ coordinates with
the AdS radius ℓ. According to the AdS/CFT correspondence [2] and its generalizations beyond high energy physics,
these metrics are important in the search for gravity duals of systems that appear in condensed matter physics and in
quantum chromodynamics [1, 3]. There are many theories of interest when studying such critical points, such theories
exhibit the anisotropic scale invariance t → λzt, ~x → λ~x, where the dynamical exponent z accounts for the different
scale transformation between the temporal and spatial coordinates, and they are of particular interest in studies of
critical exponent theory and phase transitions. The Lifshitz space-time exhibits these symmetries along with the
scaling of the radial coordinate r → λ−1r. On the other hand, gravity duals of field theories with an anisotropic scale
invariance at a finite temperature are represented by black hole geometries whose asymptotic behavior is given by
(1.1), known as asymptotically Lifshitz black holes. Several Lifshitz black hole metrics have been found, which are
solutions of Einstein gravity with several matter fields and also of gravity theories in vacuum with higher curvature
corrections, such as f(R), Lovelock, New Massive Gravity and others (see for instance [4–13]).
Asymptotically Lifshitz black holes can also emerge in Conformal Weyl Gravity in four dimensions with dynamical
exponents z = 0 and z = 4 [14]. Conformal Gravity (CG) in four dimensions is a higher derivative theory of gravity,
whose action is given by the square of the Weyl tensor, and it is invariant under conformal transformations of the
metric tensor:
gµν(x)→ Ω2(x)gµν(x) , (1.2)
where the conformal factor Ω is a function of the coordinates. A consequence of this is that CG is sensitive to angles
but not to distances. CG is naturally subject to conformal anomaly, and renormalizability requires the inclusion
of Ricci squared terms. On the other hand, Einstein gravity in four dimensions is two-loop divergent [17], and is
perturbatively renormalizable when extended by the inclusion of curvature squared terms in the Lagrangian [15, 16]
; moreover, in contrast to Einstein gravity, CG contains ghostlike degrees of freedom in the form of massive spin-2
excitations, which implies vacuum instability. However, Einstein gravity with a cosmological constant is equivalent,
at the tree level, to four-dimensional CG with Neumann boundary conditions [18]. The equivalence of the two
theories, CG and Einstein gravity, was also studied in [19], both at the level of the action and at the variation of
it. Furthermore, an important characteristic is that any space-time conformal to an Einstein manifold is a solution
of CG and, because the equations of motion of CG contain fourth order derivatives, there are other solutions to
CG than just Einstein gravity. Another connection between both theories is that the renormalized action of four-
dimensional Einstein gravity in asymptotically hyperbolic Einstein spaces is on-shell equivalent to the action of CG
[20]. The most general spherically symmetric asymptotically AdS solution of four-dimensional CG minimally coupled
with an electromagnetic field is static and was obtained in [21]. Moreover, it has been argued that CG may be able
to explain the galactic rotation curves without the assumption of dark matter [22]. Further black hole solutions to
the field equations of four-dimensional CG in vacuum and in the presence of a Maxwell field include the general
Kerr-NUT-AdS-like solution [23], charged and rotating AdS black holes [24], cylindrical black hole solutions [25],
and also black hole solutions with both Abelian electromagnetic and SU(2) Yang-Mills fields were obtained in [26].
Another consequence of the invariance of CG under the transformation (1.2) is that the gravitational field equations
of CG, which in four space-time dimensions are given by the vanishing of the Bach tensor, imply that the trace of the
energy-momentum tensor of the matter sources must vanish. This is because the Bach tensor is traceless; therefore,
among the matter sources which can be coupled to CG, one must consider conformally invariant fields such as a
minimally coupled electromagnetic field, SU(2) Yang-Mills fields, or a conformally invariant scalar field. It is worth
stressing that only a few solutions to CG with a conformally coupled scalar field have been obtained in the literature.
Among them, we can mention boson stars with a self-interacting complex scalar field [27] and a C-metric with a
conformally coupled scalar field [28]. On the other hand, conformally invariant theories of gravity also exist in other
space-time dimensions. In three space-time dimensions the equations of motion of CG contain third derivatives of
the metric, and some black hole solutions have been studied in [29–31]. Additionally, three-dimensional Lifshitz black
holes with z = 0 were obtained in [32]. In six space-time dimensions, AdS and Lifshitz black hole solutions of CG in
vacuum and also coupled to conformal matter were obtained in [33].
4According to the AdS/CFT correspondence, the search for black hole solutions to theories of gravity coupled
with scalar fields and electromagnetic fields is an important task in the studies of holographic superconductors [34],
which is dual to a system consisting of a black hole with a scalar field minimally coupled to gravity, which below a
critical temperature condenses outside the black hole horizon. The dual description of a superconductor also works
for scalar fields non-minimally coupled to gravity [35]. Further, Lifshitz holographic superconductivity has been
the topic of numerous studies with interesting properties when the duality principle is generalized to non-relativistic
systems [3, 36]. In addition to the recent applications of the gauge/gravity duality to condense matter phenomena like
superconductivity, the behavior of scalar fields outside black holes has been extensively studied over the years, mainly
in connection with the no-hair theorems (for a review on this topic see [37–39]). The basic physical requirement of a
black hole with scalar hair is the scalar field must be regular on the horizon and fall off sufficiently rapidly at infinity.
From the above discussion, we conclude that it is important to understand the behavior of matter fields all the way
from the black hole horizon to asymptotic infinity.
An important characteristic of black holes is their proper (quasinormal) oscillations. The quasinormal modes
(QNMs) have a long history [40–45], and nowadays are of great interest due to the observation of gravitational waves
from the merger of two black holes [46]. The QNMs give information about the stability of the black holes and also
of probe matter fields that evolve perturbatively in the exterior region of black holes, without backreaction on the
metric. Also, the QNMs are important in the context of the gravity/gauge duality, because they give information
about the relaxation times of thermal states in the boundary theory [47], where the relaxation time is proportional to
the inverse of the smallest imaginary part of the quasinormal frequencies (QNFs). On the other hand, in the context
of black hole thermodynamics, the quantum area spectrum [48] as well as the mass and entropy spectrum can be
determined through the knowledge of the QNMs [49–51]. The QNMs for asymptotically Lifshitz black holes have been
studied for different types of perturbations. The QNMs for scalar field perturbations on the background of Lifshiftz
black holes have been analyzed in [32, 52–62], and generally the scalar modes are stable. Also, the propagation of
fermionic perturbations and the QNMs of Lifshitz black holes were studied in Refs. [52, 63–65]. The electromagnetic
QNMs were investigated in [66]. Furthermore, the QNMs of Lifshitz black holes with hyperscaling violation have been
considered in Refs. [67–69].
The aim of this paper is to find asymptotically AdS black hole solutions and asymptotically Lifshitz black hole
solutions to a gravitational system, which for simplicity consists only of a real scalar field conformally coupled to
CG in four dimensions, which is an important issue due to their potential applications in the description of dual
field theories at a finite temperature through the gauge/gravity duality to condense matter phenomena. We require
the scalar field to be regular on the horizon and to fall off at spatial infinity. We also assume spherical symmetry
of the system. Then, the thermodynamical properties of the solutions are studied, such as their mass, entropy and
temperature and it is verified if the first law holds. Furthermore, we study the propagation of a conformally coupled
test scalar field in the black hole solutions found and determine the QNMs analytically in several cases. Remarkably,
such as in the free source case, we find that there are analytical AdS black hole and Lifshitz black hole solutions
with dynamical exponents z = 0 and z = 4. On the other hand, calculating conserved charges of Lifshitz black
holes is a difficult task; however, progress was made on the computation of the mass and the related thermodynamics
quantities by using the Abbott-Deser-Tekin (ADT) method [70, 71] and its off-shell generalization [72, 73], as well as
the Euclidean action approach [54, 74]. In order to calculate the conserved charges, we employ the generalized ADT
formalism proposed in [75], which corresponds to the off-shell generalization of the on-shell Noether potential of the
ADT formalism [76, 77]. We derive an expression for the contribution of the scalar field to the Noether potential,
and we show that the method gives consistent results for the conserved quantities for the Lifshitz black holes in CG
in the presence of a conformally invariant scalar field, which satisfy the first law of thermodynamics. On the other
hand, the entropy is computed using Wald’s formula [78].
The paper is organized as follows: In section II we study analytical AdS black holes and Lifshitz black holes to
CG with a conformally invariant scalar field. In Section III we study the thermodynamical properties: we com-
pute the Wald entropy, the Hawking temperature and the mass of the solutions; in addition, we study the horizon
thermodynamics of the Lifshitz black holes with z = 4. We conclude with final remarks in Section IV.
II. ADS AND LIFSHITZ BLACK HOLE SOLUTIONS
In this section we present AdS black hole solutions and Lifshitz black hole solutions of CG with a self-interacting
conformally coupled scalar field. The Lifshitz black holes are characterized by dynamical exponents z = 0 and z = 4,
while the AdS black holes correspond to the case z = 1. The action of CG with a conformally-invariant scalar field is
given by
I =
∫
d4x
√−g
[
1
2α
CµνρσCµνρσ −
(
1
2
gµν∇µφ∇νφ+ 1
12
φ2R+ νφ4
)]
, (2.1)
5where Cµνρσ is the Weyl tensor, which is the totally traceless part of the Riemann tensor, R is the Ricci scalar, φ is
the scalar field, α is a dimensionless gravitational coupling constant and ν is the dimensionless coupling constant of
the potential φ4. Varying the action with respect to the metric and with respect to the scalar field, the following field
equations are obtained:
Bµν ≡ 2∇ρ∇σCµρσν +RρσCµρσν = −α
2
Tµν , (2.2)
where Bµν is the Bach tensor and the energy-momentum tensor is given by
Tµν = ∂µφ∂νφ− gµν
(
1
2
∇αφ∇αφ+ νφ4
)
+
1
6
(gµν∇α∇α −∇µ∇ν +Gµν)φ2 , (2.3)
and the Klein-Gordon equation reads
∇α∇αφ− 4νφ3 − R
6
φ = 0 . (2.4)
Now, in order to solve the field equations, we will consider the following ansatz for the Lifshitz black hole metric
ds2 = −
(r
ℓ
)2z
f(r)dt2 +
ℓ2
r2f(r)
dr2 + r2dΩ2k , (2.5)
where
dΩ2k =


dθ2 + sin2 θdφ k = 1
dθ2 + dφ2 k = 0
dθ2 + sinh2 θdφ k = −1
(2.6)
and where k parameterizes the curvature of the spatial transverse section; thus, with this ansatz we permit the
possibility of black holes with spherical, flat and hyperbolic event horizons. Also, in order to the metric (2.5) tends
asymptotically to the Lifshitz space-time, it is required that f(r) → 1 when r → ∞. On the other hand, we will
consider a scalar field regular outside and on the event horizon which only depends on the radial coordinate φ = φ(r).
We obtain analytical solutions for z = 0, z = 1 and z = 4, which are given by:
• Solution with null dynamical exponent z = 0:
φ(r) =
φ0
r
, (2.7)
f(r) = 1 +
ℓ2(k + 12νφ20)
4r2
, (2.8)
where φ0 is an integration constant, and the parameters must satisfy the condition φ
2
0(k + 6νφ
2
0)(α+ 96ν) = 0.
Notice that in the case k + 6νφ20 = 0, the single integration constant is fixed to φ
2
0 = −k/(6ν). In what follows
we will focus our attention to the case α + 96ν = 0. When k + 12νφ20 < 0 there is an event horizon located at
r+ =
1
2
√
−ℓ2(k + 12νφ20).
• Solution with dynamical exponent z = 1, which corresponds to asymptotically AdS black holes:
φ(r) =
φ0
r
, (2.9)
f(r) = 1 +
A
r
+
ℓ2(k + 12νφ20)
r2
, (2.10)
where A and φ0 are integration constants, and the parameters must satisfy the condition φ
2
0(k+6νφ
2
0)(α+96ν) =
0. An event horizon can be located at 12
(
−A+
√
A2 − 4ℓ2(k + 12νφ20)
)
for some conditions on the parameters.
For A ≥ 0, then 4ℓ2(k + 12νφ20) < 0 is required for the existence of the event horizon, while for A < 0, it is
required A2 > 4ℓ2(k + 12νφ20). As before, in the case k + 6νφ
2
0 = 0 the integration constant φ0 is fixed to
φ20 = −k/(6ν). In what follows we will focus our attention to the case α+ 96ν = 0.
6• Solution with dynamical exponent z = 4 :
φ(r) =
φ0
r3
, (2.11)
f(r) = 1 +
kℓ2
4r2
+
νℓ2φ20
2r6
, (2.12)
where φ0 is an integration constant. The analytical expression for the event horizon is more complicated for
this metric, and we will not show it.
As final comment, the curvature invariants R, RµνR
µν and RµνρσR
µνρσ of the solutions presented here are all
regular outside and on the event horizon and they are singular at r = 0. However, it is worth pointing out that
the curvature scalars, such as the Kretschmann scalar RµνρσR
µνρσ , which are invariant under general coordinate
transformations, are not invariant under conformal transformations of the metric tensor. Therefore, the conformal
invariance can solve the problem of space-time singularities [79]. In [80], suitable conformal factors were found that
make the solution conformally equivalent to the Schwarzschild solution regular everywhere.
III. THERMODYNAMICS
In this section we will determine the thermodynamical properties of the black hole solutions presented in the
previous section, such as the mass, the Wald entropy and the Hawking temperature, and we will show that they
satisfy the first law of black hole thermodynamics.
A. Entropy and temperature
In this section we shall compute the Wald entropy to the black hole solutions, which is given by
S = −2π
∫
Σ
(
∂L
∂Rµνρσ
)
ǫˆµν ǫˆρσ
√
hdθdφ , (3.1)
where ǫˆµν is the binormal vector to the bifurcation surface Σ and it is normalized to ǫˆµν ǫˆ
µν = −2, h is the metric
determinant on the surface and
Pµνρσ ≡ ∂L
∂Rµνρσ
=
1
α
Cµνρσ − 1
24
φ2(gµρgνσ − gµσgνρ) . (3.2)
On the other hand, the Hawking temperature of the Lifshitz black holes can be found by evaluating the surface gravity
κ, which is defined by κ2 = − 12 (∇µχν)(∇µχν), where χ is the time-like Killing vector χν = (1, 0, 0, 0); thus, for the
metric (2.5) we obtain κ = 12
( r+
ℓ
)1+z
f ′(r+) and
T =
( r+
ℓ
)1+z
f ′(r+)
4π
. (3.3)
The Wald entropy of the Lifshitz black holes with z = 4 is given by
S = −8πr2+
(
φ20
24r6+
+
4
αℓ2
)
ωk
=
(
2πr2+(α − 48ν)
3ανℓ2
+
kπ
6ν
)
ωk , (3.4)
where ωk denotes the volume of dΩk . In this case, the positivity of the entropy requires that α < 0. On the other
hand, the Hawking temperature of the Lifshitz black holes with z = 4 is given by
T =
r2+
4πℓ3
(
6r2+
ℓ2
+ k
)
. (3.5)
7For the AdS black holes and the Lifshitz black holes with z = 0, the following expression for the Wald entropy is
obtained
S = −πωk(α+ 96ν)φ
2
0
3α
= 0 . (3.6)
where, by imposing the condition α + 96ν = 0, it gives a null entropy. In the next section, we will show that these
solutions also have zero mass, and therefore the first law of black hole thermodynamics is trivially satisfied. The
Hawking temperature of the Lifshitz black holes with z = 0 is given by
T =
1
2πℓ
, (3.7)
notice that the same temperature is obtained for the Lifshitz black hole with z = 0 in three-dimensional conformal
gravity [63], while the temperature of the AdS black holes is found to be
T =
1
4π
(
r+
ℓ2
− k + 12νφ
2
0
r+
)
. (3.8)
B. Conserved charges
In order to compute the conserved charges we shall employ the generalized ADT formalism proposed in [75], which
corresponds to the off-shell generalization of the on-shell Noether potential of the ADT formalism [76, 77]. Also,
this formalism was implemented with a one parameter path in the solution space, such as in [81, 82]. See also the
Refs. [83, 84] where the off-shell Noether current was constructed using the variation of the Bianchi identity. In those
references the method was applied to compute the mass of some black hole solutions in conformal Weyl gravity, in
Einstein Gauss-Bonnet gravity and in Horndeski theory. This method have been used also to compute the conserved
charges of asymptotically Lifshitz black holes of gravity theories whose action contains higher order curvature terms
[72], and to compute the mass of three-dimensional Lifshitz black hole solutions of New Massive Gravity with a
non-minimally coupled scalar field [73]. Here, we shall apply the method to CG with scale invariant matter fields.
Now, we will review briefly the method. The variation of the action (2.1) yields
δI =
∫
d4x
√−g (Eµνδgµν + E(φ)δφ+∇µΘµ(g; δg)) , (3.9)
where Eµν = 0 and E(φ) = 0 denotes the equations of motion (EOM) for the metric and for the scalar field, respectively,
and Θµ(g; δg) is a surface term.
By equating a variation induced by a diffeomorphism generated by a smooth vector field ξ with the generic variation,
an off-shell conserved current can be obtained [85, 86]
Jµ(g; ξ) =
L√−g ξ
µ + 2Eµνξν −Θµ(Lξg,Lξφ) , (3.10)
where Lξ denotes the Lie derivative with respect to the vector field ξ. From this current an off-shell Noether potential
Kµν can be defined by Jµ = ∇νKµν . On the other hand, an off-shell Noether current can be defined as [87]
JµADT = δEµνξν + Eµαhανξν −
1
2
ξµEαβhαβ + 1
2
Eµνξνh , (3.11)
where hµν denotes the variation of the background metric
hµν = δgµν , (3.12)
and the indices are raised an lowered with the background metric gµν or gµν , and h = g
µνhµν . The off-shell ADT
potential QµνADT is defined by J
µ
ADT = ∇νQµνADT . A very important relation between the off-shell Noether potential
and the ADT potential is:
√−gQµνADT =
1
2
δ(
√−gKµν)−√−gξ[µΘν](g; δg) . (3.13)
8Using this Noether potential, one can define the quasi-local conserved charge by
Q(ξ) = 2
∫ 1
0
ds
∫
d2xµν
√−gQµνADT (g; s)
=
∫
d2xµν∆Kˆ
µν − 2
∫ 1
0
ds
∫ √−gd2xµνξ[µΘν](g; s) , (3.14)
where d2xµν =
1
4
√−g ǫµνρσdx
ρ ∧ dxσ and
∆Kˆ =
√−gKµν
∣∣∣
s=1
−√−gKµν
∣∣∣
s=0
. (3.15)
The integration is performed along a path with parameter s in the solution space 0 ≤ s ≤ 1, and a free parameter
Q in the solutions of EOM is parametrized as sQ. Eq. (3.14) is the main result that will allows us to evaluate the
conserved charges (mass) of the black hole solutions.
The boundary term can be written as
Θµ(g, δg) = ΘµW +Θ
µ
(φ) , (3.16)
where the first term ΘµW denotes the contribution from the Weyl-squared term and the second term Θ
µ
(φ) denotes the
contribution coming from the scalar field. The generic formula for the surface term in theories which contains only
invariants of the curvature tensor can be taken by [75]
ΘµW (δg) = 2[P
µ(αβ)γ∇γδgαβ − δgαβ∇γPµ(αβ)γ ] , (3.17)
where
Pµνρσ =
∂L
∂Rµνρσ
. (3.18)
On the other hand, we have found that the boundary term coming from the self-interacting conformally coupled scalar
field reads
Θµ(φ) = −δφ∇µφ−
1
12
(
φ2∇νhµν − φ2∇µh+ h∇µφ2 − hµν∇νφ2
)
. (3.19)
Using Eqs. (3.17) and (3.19), the Noether potentials are found to be
KµνW =
2
α
(
Cµνρσ∇[ρξσ] − 2ξσ(∇[µRν]σ +
1
6
gσ[µ∇ν]R)
)
(3.20)
Kµν(φ) =
1
6
(
1
2
φ2∇νξµ − 1
2
φ2∇µξν + ξν∇µφ2 − ξµ∇νφ2
)
. (3.21)
Using expression (3.14), we shall compute the masses associated to our solutions. For the time-like Killing vector
ξ = −∂t the charge (3.14) corresponds to the mass.
Now, we consider the Lifshitz black holes with z = 4 and we take an infinitesimal parametrization of a single
parameter path, by considering the perturbation
φ0 → φ0 + dφ0 , (3.22)
the Noether potentials related to the energy reads
√−gKtr = −16r
6σk(θ)
αℓ7
− (5α− 48ν)φ
2
0σk(θ)
3αℓ5
+O( 1
r2
) (3.23)
√−gQtr = − (α− 48ν)φ0dφ0σk(θ)
6αℓ5
, (3.24)
where σk(θ) = sin θ, 1, sinh θ for k = 1, 0,−1 respectively. So, the mass of the Lifshitz black holes with z = 4 is given
by
9M = − (α− 48ν)φ
2
0ωk
6αℓ5
= (α − 48ν)
(
r6+
3ανℓ7
+
kr4+
12ανℓ5
)
ωk . (3.25)
Using this result for the mass together with the entropy given in Eq. (3.4) and the temperature given in Eq. (3.5),
it is straightforward to show that the first law of black hole thermodynamics dM = TdS holds.
For the asymptotically AdS black holes and the Lifshitz black holes with z = 0, we find that they have zero mass
M = 0 in all the cases, and this result does not depend of the values of k. Also, as we found in the previous section,
they have zero entropy, therefore there is not a conserved charge associated to the integration constants, which can be
interpreted as a kind of gravitational hair. Black hole solutions with planar horizon having zero mass and zero entropy
have been reported in Lovelock gravity with non-minimally coupled scalar fields [88] and also in the three-dimensional
New Massive Gravity with non-minimally coupled scalar fields [12]. The solutions presented in those papers depends
on a single integration constant which was interpreted as a gravitational hair, due to there is not a conserved charge
associated to it. On the other hand, in pure Lovelock gravity black holes with gravitational hair have been found [89].
C. Horizon thermodynamics
In this section, we will employ the method developed by Padmanabhan in [90] in order to study the conserved
quantities of the Lifshitz black holes with dynamical exponent z = 4, which, as we have seen, are the only solutions
with non-trivial thermodynamics. The method is based on the relation between the first law of thermodynamics and
the equations of motion, and it seems to be applicable to a very wide class of theories. In this approach, the conserved
quantities can be obtained directly from the equations of motion evaluated on the event horizon. So, considering the
Err component of the field equations, and evaluating the second and third derivatives of f(r) at the horizon r+, we
arrive to the following equation:
1
48r12+ ℓ
4
(
(−kr4+ − 6νφ20)ℓ2 − 2r7+f ′(r+)
) (
(−7kr4+ + 2(4α+ 147ν)φ20)ℓ2 + 14r7+f ′(r+)
)
= 0 . (3.26)
Now, considering that only the first factor in parenthesis can be zero, this equation reduces to
(−kr4+ − 6νφ20)ℓ2 − 2r7+f ′(r+) = 0 . (3.27)
Writing φ0 in terms of the horizon radius φ
2
0 = −(k + 4r
2
+
ℓ2 )
r4+
2ν , and multiplying the above equation by the factor
(α−48ν)ωkdr+
6αℓ2νr+
we obtain
d
[
(α− 48ν)
(
r6+
3ανℓ7
+
kr4+
12ανℓ5
)
ωk
]
=
1
4π
(r+
ℓ
)5
f ′(r+)d
(
2πr2+(α− 48ν)ωk
3ανℓ2
+ a
)
, (3.28)
where a is an additive constant. Therefore, we arrive to an equation with the same form of the first law of black hole
thermodynamics. Finally, identifying the Hawking temperature and choosing the constant as a = kπ6ν , the conserved
quantities coincide with the mass and entropy obtained before.
IV. QUASINORMAL MODES
In this section we will study the propagation of a conformally coupled scalar field in the backgrounds found in Section
II, and then we find the quasinormal modes analytically in some cases. Perturbations of a conformally coupled test
scalar field obey the general relativistic Klein-Gordon equation
1√−g∂µ
(√−ggµν∂νϕ) = R
6
ϕ , (4.1)
where R is the Ricci escalar. With the help of the following ansatz ϕ = e−iωtY (Ω)R(r), the Klein-Gordon equation
reduces to the form
d2R(r)
dr2
+
(
3 + z
r
+
f ′(r)
f(r)
)
dR(r)
dr
+
ℓ2
6r2f(r)
(6ω2 (r/ℓ)−2z
f(r)
− 2
(
k + 3κ2
)
r2
+
2(3 + z(2 + z))f(r) + r((5 + 3z)f ′(r) + rf ′′(r))
ℓ2
)
R(r) = 0 , (4.2)
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where −κ2 is the eigenvalue of the Laplacian in the base submanifold; so, for spherical horizon κ2 = l(l + 1) where
l = 0, 1, 2, ..., for flat horizon κ2 is a non-negative integer and for hyperbolic horizon κ2 = 1/4 + ξ2, where ξ ≥ 0
takes discrete real values [91]. Now, defining R(r) as R(r) = R˜(r)/r and using the tortoise coordinate r∗ given by
dr∗ = ℓz+1dr/(rz+1f(r)), the Klein-Gordon equation can be written as a one-dimensional Schro¨dinger equation,
− d
2R˜(r∗)
dr2∗
+ V (r)R˜(r∗) = ω2R˜(r∗) , (4.3)
with an effective potential V (r), which is parametrically thought of as V (r∗), given by
V (r) = −
(r
ℓ
)2z+2
f(r)2
[ 2
r2
− 1
r
(z + 3
r
+
f ′(r)
f(r)
)
+
1
6r2f(r)
(
− 2(k + 3κ
2)ℓ2
r2
+ 2 (3 + z(z + 2)) f(r)
+r ((3z + 5)f ′(r) + rf ′′(r))
)]
. (4.4)
A. Quasinormal modes for Lifshitz black holes with z = 0
In this section, we deduce the exact analytic solution for the Klein–Gordon equation (4.2) in the background
described by (2.8). Under the change of variable y = 1− r
2
+
r2 , the equation (4.2) can be written as
R′′(y) +
1
y
R′(y) +
1
12y2(1− y)2
(
3ω2ℓ2 + 2y + y2 +
4(k + 3κ2)y(1− y)
k + 12νφ20
)
R(y) = 0 , (4.5)
and if, in addition, we define R(y) = yα(1− y)βF (y), the above equation leads to the hypergeometric equation
y(1− y)F ′′(y) + [c− (1 + a+ b)y]F ′(y)− abF (y) = 0 , (4.6)
where
α = ± iωℓ
2
, β =
1
2
± iωℓ
2
, (4.7)
and the constants are given by
a1,2 = α+ β ±
√
(k + 4κ2 − 4νφ20)(k + 12νφ20)
2(k + 12νφ20)
, (4.8)
b1,2 = α+ β ∓
√
(k + 4κ2 − 4νφ20)(k + 12νφ20)
2(k + 12νφ20)
. (4.9)
c = 1 + 2α . (4.10)
The general solution of the hypergeometric equation (4.6) is
F (y) = C1 2F 1(a, b, c; y) + C2y
1−c
2F 1(a− c+ 1, b− c+ 1, 2− c; y) , (4.11)
and it has three regular singular points at y = 0, y = 1, and y = ∞. Here, 2F 1(a, b, c; y) is a hypergeometric
function, and C1 and C2 are integration constants. Thus, in the vicinity of the horizon y = 0 and using the property
F (a, b, c; 0) = 1, the function R(y) behaves as
R(y) = C1e
α ln y + C2e
−α ln y , (4.12)
so that the scalar field ϕ, for α = α−, can be written as follows:
ϕ ∼ C1e−iω(t+(ℓ ln y)/2) + C2e−iω(t−(ℓ ln y)/2) . (4.13)
Here, the first term represents an ingoing wave, and the second represents an outgoing wave near the black hole
horizon. Imposing the requirement of only ingoing waves on the event horizon, we fix C2 = 0. Then, the radial
solution can be written as
R(y) = C1e
α ln y(1− y)β2F 1(a, b, c; y) = C1e− iωℓ2 ln y(1− y)β2F 1(a, b, c; y) . (4.14)
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To implement boundary conditions at infinity (y = 1), we apply Kummer’s formula for the hypergeometric function
[92],
2F 1(a, b, c; y) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)2F 1(a, b, a+b−c; 1−y)+(1−y)
c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
2F 1(c−a, c−b, c−a−b+1; 1−y) .
(4.15)
Taking into consideration the above expression, the radial function (4.14) reads
R(y) = C1e
− iωℓ
2
ln y(1− y)β Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)2F 1(a, b, a+ b− c; 1− y)
+C1e
− iωℓ
2
ln y(1− y)1−β Γ(c)Γ(a+ b − c)
Γ(a)Γ(b)
2F 1(c− a, c− b, c− a− b+ 1; 1− y) , (4.16)
and at infinity, it can be written as
Rasymp.(y) = C1(1− y)β Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) + C1(1 − y)
1−β Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
. (4.17)
The effective potential (4.4) tends to zero at infinity; thus, considering β = β+ and imposing as a boundary condition
that only outgoing waves exist at spatial infinity, we set c − a = −n or c − b = −n for n = 0, 1, 2, .... Therefore, the
QNFs for the Lifshitz black holes with dynamical exponent z = 0 are given by
ω = ± 1
2ℓ
√
−k + 4κ
2 − 4νφ20
k + 12νφ20
− i
2ℓ
(1 + 2n) . (4.18)
The imaginary part of the QNFs is always negative for k = 1, 0,−1 and ν < 0; so, in these cases the propagation
of a scalar field is formally stable in this background. However, for the topological black holes with k = −1 and
ν > ξ2/φ20 the QNFs are purely imaginary, and if the parameter ξ
2 takes values in the range 0 ≤ ξ2 < 4νφ20 − 1/4,
the imaginary part of the fundamental quasinormal frequency is positive, implying that the propagation of a scalar
field on the topological black hole is unstable.
B. Quasinormal modes for AdS black holes
Under the change of variable y = r−r+r−r
−
, the Klein-Gordon equation (4.2) in the background described by (2.10) can
be written as
R′′(y) +
(
1
y
− 2
y − 1 +
2
y − y0
)
R′(y) +
1
y(y − 1)(y − y0)
( y20ω2ℓ2
y(y0 − 1)2(k + 12νφ20)
− 2(y0 − 1)
y − 1 +
y0(y0 − 1)(−κ2 + 4νφ20)
(y − y0)(k + 12νφ20)
+
yy0ω
2ℓ2
(y0 − 1)2(k + 12νφ20)
+
(y0 − 1)2(k − ky0 − y0κ2)− y0(1 + y0)ω2ℓ2 − 4(y0 − 1)2(−3 + 2y0)νφ20
(y0 − 1)2(k + 12νφ20)
)
R(y) = 0 , (4.19)
where y0 =
r+
r
−
. If, in addition, we define R(y) = yα(1 − y)β(y0 − y)γH(y), the above equation leads to the general
Heun equation
H ′′(y) +
(
µ
y
+
δ
y − 1 +
ǫ
y − y0
)
H ′(y) +
λξy − η
y(y − 1)(y − y0)H(y) = 0 , (4.20)
where
α = ± iωℓ
y0 − 1
√
y0
k + 12νφ20
, β =
3
2
± 1
2
, γ = −1
2
± 1
2
√
k + 4κ2 − 4νφ20
k + 12νφ20
, (4.21)
and the constants are given by
12
µ = 1 + 2α , δ = 2(−1 + β) , ǫ = 2(1 + γ)
λ = 2α+ β + γ , ξ = β + γ (4.22)
η = −1 + β(3− β) + 2α(1 + γ) + γ(2 + γ) + y0
3
(
2 + 6α(β − 1) + 3β(β − 2)− 3γ(γ + 1) + k + 3κ
2
k + 12νφ20
)
,
with ǫ = λ + ξ − µ − δ + 1. The properties of the general Heun function are not well known yet, and therefore we
cannot extract the QNMs analytically in the general case. However, there are some special cases in which the Heun
function can be reduced to the confluent Heun function or to the hypergeometric function, whose properties are better
known. We will focus our attention to these cases in the following.
1. k + 12νφ20 = 0
First, we consider the special case k + 12νφ20 = 0. In this case there is only one horizon r+ = −A for A negative.
Using the change of variable y = 1 − r+r , and defining R(y) = yα(1 − y)βH(y), the Klein-Gordon equation leads to
the confluent Heun differential equation
y(y − 1)H ′′(y) + [(b+ 1)(y − 1) + (c+ 1)y]H ′(y) + (dy − ǫ)H(y) = 0 , (4.23)
where
α = ± iωℓ
2
r+
, β =
3
2
± 1
2
,
b = 2α , c = 2β − 3 , d = − ℓ
2
3r2+
(k + 3κ2) , ǫ = −(α+ β − 1)2 − ℓ
2
3r2+
(k + 3κ2 + 3ω2ℓ2) . (4.24)
The solution of Eq. (4.23) is written as
H(y) = C1HeunC
(
0, b, c, d,−1
2
(1 + c)b− c
2
− ǫ, y
)
+ C2y
−bHeunC
(
0,−b, c, d,−1
2
(1 + c)b− c
2
− ǫ, y
)
, (4.25)
where HeunC is the confluent Heun function, and C1 and C2 are integration constants. So, the radial function R(y)
is given by
R(y) = C1y
α(1−y)βHeunC
(
0, b, c, d,−1
2
(1 + c)b − c
2
− ǫ, y
)
+C2y
−α(1−y)βHeunC
(
0,−b, c, d,−1
2
(1 + c)b− c
2
− ǫ, y
)
.
Thus, in the vicinity of the horizon y = 0 and using the property HeunC(0, b, c, d, e, 0) = 1, the function R(y) behaves
as
R(y) = C1e
α ln y + C2e
−α ln y, (4.26)
so that the scalar field ϕ, for α = α−, can be written as follows:
ϕ ∼ C1e−iω(t+(ℓ
2 ln y)/r+) + C2e
−iω(t−(ℓ2 ln y)/r+) . (4.27)
Here, the first term represents an ingoing wave, and the second represents an outgoing wave near the black hole
horizon. Imposing the requirement of only ingoing waves on the event horizon, we fix C2 = 0. Then, the radial
solution can be written as
R(y) = C1e
− iωℓ2
r+
ln y
(1− y)βHeunC
(
0, b, c, d,−1
2
(1 + c)b− c
2
− ǫ, y
)
. (4.28)
Dirichlet boundary condition. The effective potential (4.4) tends to
(
κ2 − 4νφ20
)
/ℓ2 and it is possible to impose as
a boundary condition that the scalar field vanishes at spatial infinity. To implement boundary conditions at infinity
(y = 1), we use the connection formula for the confluent Heun function [93, 94]
HeunC(0, b, c, d, e; y) = D1
Γ(b+ 1)Γ(−c)
Γ(1 − c+ k)Γ(b− k)HeunC(0, c, b,−d, e+ d; 1− y)
+D2(1− y)−c Γ(b + 1)Γ(c)
Γ(1 + c+ s)Γ(b− s)HeunC(0,−c, b,−d, e+ d; 1− y) , (4.29)
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where the parameters of the confluent Heun function satisfy the following equations
k2 + (1− b − c)k − ǫ− b− c+ d
2
= 0 , (4.30)
s2 + (1 − b+ c)s− ǫ− b(c+ 1) + d
2
= 0 . (4.31)
Taking into consideration the above expression, the radial function (4.28) at the asymptotic region y → 1 reads
Rasymp.(y) = C1D1(1− y)β Γ(b + 1)Γ(−c)
Γ(1− c+ k)Γ(b− k) + C1D2(1 − y)
3−β Γ(b+ 1)Γ(c)
Γ(1 + c+ s)Γ(b− s) . (4.32)
Now, for β = 1 or β = 2, both terms of this expression go to zero for y → 1. So, the Dirichlet boundary condition is
automatically satisfied for any value of ω, which implies a continuous spectrum and instability. It is worth mentioning
that this kind of behavior have been observed in other AdS and Lifshitz black holes geometries for scalar type
electromagnetic field perturbations [66, 95], see also Refs. [96, 97] where continuous spectrum of frequencies have
been obtained for a two-dimensional black hole. Nevertheless, it is expected that the QNFs depend on the physical
parameters that describe the black hole and the test field. In [66, 95] a different boundary condition was proposed,
by canceling the leading term of the asymptotic behavior of the radial function well defined QNFs were obtained. We
will show that for the AdS black hole a discrete set of QNFs, depending on the physical parameters of the black hole
and the test field, can be obtained by considering Neumann boundary condition.
Neumann boundary condition. It is also possible to consider that the flux of the scalar field vanishes at spatial
infinity, which implies the Neumann boundary condition. The flux
F =
√−ggrr
2i
(R∗∂rR−R∂rR∗) , (4.33)
at infinity is given by
F (y → 1) ∝ −|C1|
2r3+(3− 2β)
ℓ2
Im(A∗1A2) , (4.34)
where we have used the Eq. (4.32) to obtain the above expression, and A1 and A2 are given by
A1 = D1
Γ(b+ 1)Γ(−c)
Γ(1− c+ k)Γ(b − k) , A2 = D2
Γ(b+ 1)Γ(c)
Γ(1 + c+ s)Γ(b − s) . (4.35)
The flux vanishes at infinity if 1−c+k = −n, b−k = −n, 1+c+s= −n or b−s = −n for n = 0, 1, 2, .... Therefore,
the discrete frequencies for the AdS black holes are given by
ω = −i6(n+ 1)
2r2+ + ℓ
2(k + 3κ2)
12ℓ2(n+ 1)r+
, (4.36)
for β = 1 or β = 2. The QNFs are purely imaginary and the imaginary part is always negative for k = 1, 0; so, in
these cases the propagation of a scalar field is formally stable in this background. However, for the topological black
holes with k = −1 and if the parameter ξ2 takes values in the range 0 ≤ ξ2 < 1/12− 2(r+/ℓ)2, the imaginary part of
the fundamental quasinormal frequency is positive, implying that the propagation of a scalar field on the topological
black hole is unstable.
2. A = 0
In this case, under the change of variable y = 1− r
2
+
r2 , the Klein–Gordon equation (4.2) can be written as
R′′(y) +
(
1
y
+
1
2(1− y)
)
R′(y) +
(y − 1)(−κ2y + ω2ℓ2) + 2ky + 4νφ20y(y + 5)
4(k + 12νφ20)y
2(1− y)2 R(y) = 0 , (4.37)
and if, in addition, we define R(y) = yα(1− y)βF (y), the above equation leads to the hypergeometric equation
y(1− y)F ′′(y) + [c− (1 + a+ b)y]F ′(y)− abF (y) = 0 , (4.38)
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where
α = ± iωℓ
2
√
−k − 12νφ20
, β =
3
4
± 1
4
, (4.39)
and the constants are given by
a1,2 = −1
4
+ α+ β ±
√
(k + 4κ2 − 4νφ20)(k + 12νφ20)
4(k + 12νφ20)
, (4.40)
b1,2 = −1
4
+ α+ β ∓
√
(k + 4κ2 − 4νφ20)(k + 12νφ20)
4(k + 12νφ20)
. (4.41)
c = 1 + 2α . (4.42)
The general solution of the hypergeometric equation (4.38) is
F (y) = C1 2F 1(a, b, c; y) + C2y
1−c
2F 1(a− c+ 1, b− c+ 1, 2− c; y) , (4.43)
and it has three regular singular points at y = 0, y = 1, and y = ∞. Here, 2F 1(a, b, c; y) is a hypergeometric
function, and C1 and C2 are integration constants. Thus, in the vicinity of the horizon y = 0 and using the property
F (a, b, c, 0) = 1, the function R(y) behaves as
R(y) = C1e
α ln y + C2e
−α ln y , (4.44)
so that the scalar field ϕ, for α = α−, can be written as follows:
ϕ ∼ C1e−iω
(
t+(ℓ ln y)/
(
2
√
−k−12νφ2
0
))
+ C2e
−iω
(
t−(ℓ ln y)/
(
2
√
−k−12νφ2
0
))
. (4.45)
Here, the first term represents an ingoing wave, and the second represents an outgoing wave near the black hole
horizon. Imposing the requirement of only ingoing waves on the event horizon, we fix C2 = 0. Then, the radial
solution can be written as
R(y) = C1e
α ln y(1 − y)β2F 1(a, b, c; y) = C1e−(iωℓ ln y)/
(
2
√
−k−12νφ2
0
)
(1− y)β2F 1(a, b, c; y) . (4.46)
Dirichlet boundary condition. The effective potential (4.4) tends to
(
κ2 − 4νφ20
)
/ℓ2 and it is possible to impose as
a boundary condition that the scalar field vanishes at spatial infinity. To implement boundary conditions at infinity
(y = 1), we apply Kummer’s formula for the hypergeometric function (4.15); thus, the radial function (4.46) reads
R(y) = C1e
−(iωℓ ln y)/
(
2
√
−k−12νφ2
0
)
(1− y)β Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)2F 1(a, b, a+ b− c; 1− y)
+C1e
−(iωℓ ln y)/
(
2
√
−k−12νφ2
0
)
(1 − y)3/2−β Γ(c)Γ(a+ b − c)
Γ(a)Γ(b)
2F 1(c− a, c− b, c− a− b+ 1; 1− y) ,(4.47)
and at infinity, it can be written as
Rasymp.(y) = C1(1− y)β Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) + C1(1− y)
3/2−β Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
. (4.48)
Now, considering β = 1/2 or β = 1, we obtain that, similar to the previous case, both terms of this expression go to
zero for y → 1. So, the Dirichlet boundary condition is automatically satisfied for any value of ω, which implies a
continuous spectrum and instability. However, we will show that a discrete set of QNFs, depending on the physical
parameters of the black hole and the test field, can be obtained by considering Neumann boundary condition.
Neumann boundary condition. It is also possible to consider that the flux of the scalar field vanishes at spatial
infinity, which implies the Neumann boundary condition. The flux (4.33) at infinity is given by
F (y → 1) ∝ −|C1|
2r3+(3/2− 2β)
ℓ2
Im(A∗1A2) (4.49)
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where we have used the Eq. (4.48) to obtain the above expression, and A1 and A2 are given by
A1 =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) , A2 =
Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
. (4.50)
The flux vanishes at infinity if c − a = −n, c− b = −n, a = −n or b = −n for n = 0, 1, 2, .... Therefore, the discrete
frequencies for the AdS black holes are given by
ω1 = ±
√
k + 4κ2 − 4νφ20
2ℓ
− i
√
−k − 12νφ20(3 + 4n)
2ℓ
, ω2 = ±
√
k + 4κ2 − 4νφ20
2ℓ
− i
√
−k − 12νφ20(1 + 4n)
2ℓ
, (4.51)
for β = 1/2 or β = 1. Both sets of QNFs can be written concisely as:
ω = ±
√
k + 4κ2 − 4νφ20
2ℓ
− i
√
−k − 12νφ20(2n+ 1)
2ℓ
, (4.52)
The imaginary part of the QNFs is always negative for k = 1, 0,−1 and ν < 0; so, in these cases the propagation
of a scalar field is formally stable in this background. However, for the topological black holes with k = −1 and
ν > ξ2/φ20 the QNFs are purely imaginary, and if the parameter ξ
2 takes values in the range 0 ≤ ξ2 < 4νφ20 − 1/4,
the imaginary part of the fundamental quasinormal frequency is positive, implying that the propagation of a scalar
field on the topological black hole is unstable.
C. Quasinormal modes for Lifshitz black holes with z = 4
It seems difficult to obtain analytical solutions to the radial equation (4.2) in the background described by (2.12).
However, it is worth mentioning that the radial equation at infinity r →∞ can be written as
r2R′′(r) + 7rR′(r) + 9R(r) = 0 , (4.53)
whose solution is Rasymp.(r) = C1/r
3 + C2 ln(r)/r
3, and the field goes to zero at infinity. Therefore, the Dirichlet
boundary condition is automatically satisfied for any value of ω, and there is no discrete set of QNFs. This is similar
to what occurs for the AdS black holes discussed before. Probably, a discrete set of QNFs exists when considering a
different boundary condition, such as Neumann boundary condition, and the obtention of it could require of numerical
techniques.
V. FINAL REMARKS
We considered a gravitating system consisting of a conformally invariant scalar field coupled to four-dimensional
Conformal Weyl Gravity. We found a new class of exact four-dimensional asymptotically AdS and Lifshitz black hole
solutions with spherical, flat and hyperbolic event horizons for a certain range of values of the parameters. They
are characterized by a scalar field with a power law behavior, which is regular everywhere outside the event horizon
and vanishes at spatial infinity. The Lifshitz black hole solutions presented here are characterized by the dynamical
exponents z = 0 and z = 4. Then, we discussed the thermodynamics of the solutions. The calculation of the mass
was performed by using the generalized off-shell Noether potential method [75], which has been applied to CG and
also to other higher derivative gravity theories. In addition, we computed the Wald entropy of the solutions, and
we showed that all the black holes satisfy the first law of black hole thermodynamics. It was found that the AdS
black holes and the Lifshitz black holes with z = 0 have zero mass and zero entropy, although they have a non-
zero temperature; therefore, there is no conserved charge associated with the integration constants, which can be
interpreted as a kind of gravitational hair. A similar behavior also occurs with black hole solutions (with planar
horizon) obtained in other gravity theories containing higher curvature terms in the action, such as Lovelock gravity
and three-dimensional New Massive Gravity with non-minimally coupled scalar fields. On the other hand, we found
that the Lifshitz black hole with z = 4 has non-zero values of the conserved quantities and thus more interesting
thermodynamics. Also, we studied the horizon thermodynamics of the Lifshitz black hole solutions with z = 4, and
we demonstrated that the first law of black hole thermodynamics emerges from the field equations evaluated on the
horizon. Furthermore, we studied the propagation of a conformally coupled scalar field in these backgrounds and
we calculated the QNMs analytically in several cases. We found that for AdS black holes and Lifshitz black holes
with z = 4, the Dirichlet boundary condition is automatically satisfied for any value of ω, implying a continuous
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spectrum. This kind of behavior has been observed in other AdS and Lifshitz black hole geometries for scalar type
electromagnetic field perturbations [66, 95], see also Refs. [96, 97] where continuous spectrum of frequencies have
been obtained for a two-dimensional black hole. Nevertheless, it is expected that the QNFs depend on the physical
parameters that describe the black hole and the test field. In [66, 95] a different boundary condition was proposed,
by canceling the leading term of the asymptotic behavior of the radial function well defined QNFs were obtained.
We showed that discrete sets of well defined QNFs, which depend on the physical parameters of the black hole and
the test field, can be obtained by considering that the flux of the scalar field vanishes at spatial infinity (Neumann
boundary conditions). We obtained analytical expressions for the QNFs of AdS black holes and Lifshitz black holes
with z = 0. We found that the discrete QNFs can have real and imaginary parts, and the imaginary part is always
negative for black holes with spherical and flat horizon k = 1, 0; so, in these cases the propagation of a scalar field is
formally stable in these backgrounds. However, we found that for a topological AdS black hole (with k+12νφ20 = 0),
and for the topological z = 0 Lifshitz black hole, if the parameter ξ2 takes values in the range 0 ≤ ξ2 < 4νφ20−1/4, the
imaginary part of the fundamental quasinormal frequency is positive, implying that the propagation of a scalar field
on the topological black hole is unstable. Analogously, for a topological AdS black hole, with A = 0, the propagation
of a scalar field is unstable if 0 ≤ ξ2 < 1/12− 2(r+/ℓ)2. It would be interesting to explore the possible holographic
applications to condensed matter systems of the solutions found here and also to extend this study to a gravitating
system with a charged scalar field.
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